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Spin noise in quantum dot ensembles
M.M. Glazov, E.L. Ivchenko
Ioffe Physical-Technical Institute of the RAS, 194021 St.-Petersburg, Russia
We study theoretically spin fluctuations of resident electrons or holes in singly charged quantum
dots. The effects of external magnetic field and effective fields caused by the interaction of electron
and nuclei spins are analyzed. The fluctuations of spin Faraday, Kerr and ellipticity signals revealing
the spin noise of resident charge carriers are calculated for the continuous wave probing at the singlet
trion resonance.
PACS numbers: 72.25.Rb,78.47.-p,78.47.-p,85.75.-d
I. INTRODUCTION
Spin noise technique has recently become one of the
most promising methods to study electron spin dynam-
ics in various material systems,1 including atomic gases2
and semicoductors.3–8 This technique first implemented
in Ref. 9 to observe the magnetic resonance of the sodium
atoms is based on the monitoring of spin fluctuations by
means of spin Faraday or Kerr rotation effect for the
linearly polarized continuous wave (cw) probe. Namely,
the spin Faraday (ϑF ) or Kerr (ϑK) rotation angles are
proportional to the vector component Sz of the instant
magnetization of the medium onto the radiation propa-
gation direction z. Hence, the angle fluctuations reveal
the spin autocorrelations
〈ϑF (t)ϑF (t′)〉, 〈ϑK(t)ϑK(t′)〉 ∝ 〈Sz(t)Sz(t′)〉 , (1)
where the angle brackets mean averaging over the time
t for a fixed value of the difference t′ − t. The aver-
age 〈Sz(t)Sz(t′)〉 characterizes the magnitude of elec-
tron spin fluctuations and contains an important in-
formation about the spin relaxation and decoherence
processes. The spin noise technique is especially well
suited to study slow spin relaxation in semiconductor
nanostructures.1,7,8,10
Contemporary studies of the spin noise in the quan-
tum dot ensembles made it possible to extract electron
and hole Lande´ factors and decoherence rates.6,7 Such
systems are highly perspective for the future spintron-
ics applications due to a number of fascinating phenom-
ena, e.g., spin precession mode-locking where a macro-
scopic number of spins can precess synchronously under
the conditions of pulse-train optical excitation.11,12 Elec-
tron spin dynamics in quantum dot ensembles is being
extensively studied, see the review articles [13], [14] and
references therein, while the microscopic theory of the
spin noise in these systems is absent to the best of our
knowledge. The present paper is aimed to fill the gap.
Here we address theoretically spin fluctuations of elec-
trons and holes in quantum dot ensembles. The effects
of external magnetic field as well as the role of hyper-
fine coupling of carrier spins with nuclei are discussed in
detail. The features of the spin noise spectra related to
the system inhomogeneity are of special attention. Fi-
nally, we derive microscopic expressions for the fluctu-
ation spectra of spin Faraday, Kerr and ellipticity ef-
fects for quantum dot ensembles and perform compar-
ative analysis of these spectra.
II. MODEL
The spin fluctuation δs(t) can be described by the
Langevin method applied to the Bloch equation as fol-
lows
∂δs(t)
∂t
+
δs(t)
τs
+ δs(t)× (ΩB +ΩN) = ξ(t) . (2)
Here τs is the electron spin relaxation time caused by,
e.g., electron-phonon interaction,15,16 ΩB and ΩN are
the Larmor precession frequencies related to the external
magnetic field B and the effective field caused by the hy-
perfine electron-nuclear interaction, ξ(t) is the fictitious
random force. For simplicity, we assume an isotropic
symmetry of the spin system characterized by single spin-
relaxation time and electron g-factor. The hyperfine in-
teraction of electron and nuclei spins in the quantum dot
results in the effective magnetic field acting on electron
spin. This field is induced by the nuclear spin fluctuations
and differs from dot to dot, giving rise to the electron spin
dephasing.17–19 On the timescale of electron spin preces-
sion in the hyperfine field induced by the nuclear spin
fluctuation, the latter can be considered as static.18,20
The magnetic field is assumed to be weak enough in or-
der not to affect the spin relaxation time τs and nuclear
spin fluctuations. Then the correlator of the Langevin
force coincides with that for the equilibrium spin decou-
pled from the magnetic field B and the nuclei, namely,
〈ξα(t′)ξβ(t)〉 = 1
2τs
δαβδ(t
′ − t) , (3)
where α, β = x, y and z are the Cartesian coordi-
nates. This equation can readily be derived by using
the Langevin approach in the general fluctuation the-
ory21,22 applied to a physical variable x, e.g., the veloc-
ity or spin of a particle, describing by x˙(t) + x(t)/τ0 =
0 the time decay of its nonequilibrium average value.
In this approach the equilibrium fluctuation δx(t) sat-
isfies the one-dimensional equation of random motion
δx˙(t) + δx(t)/τ0 = ξ(t) with the inhomogeneous term
2ξ(t) called the Langevin force. The correlator of ξ(t) is
connected with the dispersion 〈δx2〉 by22
〈ξ(t′)ξ(t)〉 = (2/τ0)〈δx2〉δ(t′ − t) .
Equation (3) follows from this general equation if we
take into account that, for the spin s = 1/2, the spin-
component dispersion 〈s2α〉 = 1/4. We stress that
the fictitious random force ξ(t) is not related with any
real physical processes, it is introduced in Eq. (2) in
the Langevin approach to provide the proper values
of the spin fluctuations in equilibrium. This approach
is known as a convenient and effective description of
fluctuations.21,23
The spectral decomposition of fluctuations is based on
the standard Fourier transforms of the fluctuating spin,
δsω =
+∞∫
−∞
δs(t)eiωtdt , δs(t) =
+∞∫
−∞
δsωe
−iωt dω
2π
,
and the spin and random-force correlators
(δsαδsβ)ω =
+∞∫
−∞
〈δsα(t+ τ)δsβ(t)〉eiωτdτ , (4)
(ξαξβ)ω =
+∞∫
−∞
〈ξα(t+ τ)ξβ(t)〉eiωτdτ = 1
2τs
δαβ .
The Fourier component δsω satisfies the vector equation
obtained from Eq. (2) by the replacements ∂/∂t→ −iω,
δs(t) → δsω and ξ(t) → ξω . According to Eq. (3) the
double correlator of the random-force Fourier transforms
is given by
〈ξα,ωξ∗β,ω′〉 = δ(ω − ω′)δαβ
π
τs
.
The solution of Eq. (2) for the spin pseudovector reads
δsω = τs,ω
ξω + τs,ωΩ× ξω + τ2s,ωΩ(ξω ·Ω)
1 +Ω2τ2s,ω
, (5)
where
Ω = ΩB +ΩN and τs,ω =
τs
1− iωτs . (6)
The relation (5) between the spin sω and the random
force ξω can formally be obtained from the equation (9)
in Ref. 25 relating the average spin s¯ and the initial spin
s0 by replacing s¯ to sω, τc to τs,ω, and s0 to τs,ωξω . By
introducing the linear-response tensor χ(ω) defined as
δsα,ω = χαβ(ω)ξβ,ω , (7)
we can present the spin-fluctuation spectrum in the form
(δsαδsβ)ω =
1
2τs
∑
γ
χαγ(ω)χ
∗
βγ(ω)
=
1
2τs
[
χ(ω)χ†(ω)
]
αβ
. (8)
The components of the tensor χ(ω) are explicitly given
by
χαβ(ω) =
τs,ω
(
δαβ − δαβγΩγτs,ω + τ2s,ωΩαΩβ
)
1 +Ω2τ2s,ω
, (9)
where δαβγ is the unit antisymmetric third-rank ten-
sor. Equation (8) can also be derived by means of the
fluctuation-dissipation theorem, see Appendix for details,
or from kinetic equations for the spin-spin correlation
functions 〈δsα(t)δsβ(t′)〉 similar to the general approach
of Ref. 24. To summarize, Eqs. (8) and (9) are valid pro-
vided: (i) τs is magnetic field independent, (ii) nuclear
field ΩN is static (or quasistatic).
Let us consider the simple limiting cases to show that
Eq. (8) readily describes them. In the absence of exter-
nal and internal fields, Ω = 0, the response reduces to
χαβ(ω) = τs,ωδαβ and we have
(δsαδsβ)ω =
|τs,ω |2
2τs
δαβ =
1
2
τs
1 + (ωτs)2
δαβ , (10)
in agreement with Refs. 1, 26. For a system subjected
to an external magnetic field B but free from the hy-
perfine interaction, it is convenient to use the Cartesian
coordinate frame 1, 2, 3 with the axis 3 ‖ ΩB. In this
case
||χαβ(ω)|| = τs,ω
1 + (Ω3τs,ω)2
(11)
×

 1 −Ω3τs,ω 0Ω3τs,ω 1 0
0 0 1 + (Ω3τs,ω)
2

 .
Substitution of this tensor into Eq. (8) leads to the fol-
lowing nonzero components of the tensor (δsαδsβ)ω:
(δs23)ω =
π
2
∆(ω) , (12)
(δs21)ω = (δs
2
2)ω =
π
4
[∆(ω − Ω3) + ∆(ω +Ω3)] ,
(δs2δs1)ω = (δs1δs2)
∗
ω =
2iωΩ3τ
2
s
1 + τ2s (ω
2 +Ω23)
(δs21)ω ,
where
∆(x) =
1
π
τs
1 + (xτs)2
.
Equations (12) are also valid in the absence of an external
magnetic field but in the presence of a fixed hyperfine
field, in this case 3 ‖ ΩN .
III. SPIN FLUCTUATIONS IN QUANTUM-DOT
ENSEMBLES
Until now, we described electron spin fluctuations in a
single dot. In a quantum-dot ensemble the spin noise
3spectrum per quantum dot is obtained by averaging
Eq. (8) over the direction and absolute value of ΩN
(δsαδsβ)ω =
1
2τs
∫
dΩNF(ΩN )
[
χ(ω)χ†(ω)
]
αβ
, (13)
where F(ΩN ) is the distribution function of the nuclear
fields acting on electron spins in the quantum dot en-
semble. Due to the s-type character of the conduction
band Bloch functions the hyperfine interaction strength
is proportional to the scalar product of electron and nu-
clear spins, resulting in an isotropic distribution of the
nuclei-induced electron spin precession frequencies ΩN .
Therefore F(ΩN ) depends only on the absolute value of
the nuclear field.
A. Spin fluctuations in the absence of external field
At zero magnetic field, the averaging over the direction
results in the simplification of (δsαδsβ)ω to δαβ(δs
2
α)ω
with (δs2α)ω = [(δs
2
1)ω+(δs
2
2)ω+(δs
2
3)ω]/3 and, therefore,
(δs2α)ω =
π
6
{∆(ω) (14)
+
∫ ∞
0
dΩN F (ΩN ) [∆(ω − ΩN ) + ∆(ω +ΩN )]} ,
where
F (ΩN ) = 4πΩ
2
NF(ΩN )
is the distribution of absolute values of the hyperfine
fields. The factor 4πΩ2N takes into account a three-
dimensional character of the random vector ΩN . Equa-
tion (14) clearly shows that the spin noise spectrum con-
tains two contributions. First one is centered at ω = 0
and stems from fluctuations of the spin component di-
rected along the nuclear field which is considered as static
here. In that way the zero-frequency peak bears infor-
mation about the single-electron spin relaxation time τs.
Note, that for sufficiently long spin relaxation times the
electron hyperfine interaction with nuclei may modify
slow electron spin dynamics and, correspondingly, the
low frequency spin noise spectra, due to coupled spin
dynamics of electrons and nuclei.27 The second contri-
bution to the spin noise spectrum reflects electron spin
precession in random nuclei-induced fields. Provided that
ΩNτs ≫ 1 this contribution to the spin noise spectrum,
for ω > 0, reduces to (π/6)F (ω) and describes the dis-
tribution of the nuclear-induced spin precession fluctua-
tions.
The electron spin noise spectrum calculated for the
quantum dot ensemble is shown in Fig. 1(a) for the Gaus-
sian distribution of nuclear fields acting on the electron
spin, F(ΩN ) = (
√
πδe)
−3 exp (−Ω2N/δ2e), where δe de-
scribes the dispersion of the nuclear field fluctuation.18,30
Two contributions to the spin noise spectrum are clearly
seen: the narrow peak at ω = 0, which is well described
by ∆(ω), and much wider peak at ω = δe correspond-
ing to the distribution of nuclear fields (π/6)F (ω). The
Fourier transform of Eq. (14) to the time domain gives
the relaxation dynamics of the spin component sα; for
the Gaussian distribution of nuclear spins and in the limit
τs →∞, it reduces to Eq. (10) of Ref. 18, see also Ref. 29.
(a)
(
(
(
(
(b)
(
(
FIG. 1: (a) Spin noise spectrum for electrons (red solid curve)
and its decomposition into the zero frequency peak (dot-
ted) and the peak corresponding to nuclei-induced precession
(dashed) calculated for δeτs = 100. Inset shows the spin noise
spectrum in the double logarithmic scale. (b) Heavy-hole
pseudospin noise spectrum calculated for different values of
anisotropy parameter ǫ (marked at each curve). Inset shows
the amplitude of zero-frequency peak (normalized to its value
at ǫ = 1) as a function of the anisotropy parameter calculated
for δhτs = 100.
Next we turn to the spin fluctuations of holes in quan-
tum dots. Here, for distinctness, we consider heavy-hole
states, namely, the doubly-degenerate hole states with
the angular momentum projection Jz = ±3/2 onto the
growth axis of the quantum dot. Occupation of this pair
of states can be described by means of the pseudospin-
1/2 three-component vector s˜. Contrary to electrons, the
coupling of a heavy hole and nuclear spins results not
from the contact hyperfine interaction but rather from
the relatively weak dipole-dipole interaction. The lat-
ter is strongly anisotropic in quantum dots. In partic-
ular, if the mixing of heavy-hole (±3/2) and light-hole
(±1/2) states and contributions related with the cubic
symmetry of the crystalline lattice are disregarded, the
4effective magnetic field experienced by the hole spin is
parallel to the z axis and proportional to the nuclear
spin z component.31–33 In real quantum-dot structures
heavy holes additionally experience an effective field of
the in-plane nuclear-spin components34 which is, how-
ever, weaker than that caused by the z component. As a
result, we model the distribution of effective fields acting
on the hole spins by an anisotropic Gaussian function:
Fh(Ω) = 1
π3/2δ3hǫ
2
exp
(
−Ω
2
z
δ2h
− Ω
2
⊥
(ǫδh)2
)
, (15)
where Ω⊥ = (Ωx,Ωy) is the in-plane component of the
effective Larmor frequency, a value of ǫ lies in the interval
between 0 and 1 and characterizes the relative strength of
the hole coupling with the in-plane nuclear fields, and an
in-plane anisotropy of hole-nuclear coupling is neglected.
Fluctuations of the z-component of hole pseudospin are
given by
(δs˜2z)ω =
π
2
∫
dΩ Fh(Ω)
×
{
Ω2z
Ω2
∆(ω) +
Ω2⊥
Ω2
[
∆(ω − Ω) +∆(ω +Ω)
]}
, (16)
where Ω = (Ωx,Ωy,Ωz) and Ω
2 = Ω2⊥ +Ω
2
z .
Figure 1(b) shows the heavy-hole pseudospin noise
spectrum calculated for different values of the anisotropy
parameter ǫ. The fluctuation spectrum is similar to
that for electrons, see curve corresponding to ǫ = 1 and
Fig. 1(a), and contains two peaks: at zero frequency,
due to the first term in Eq. (16), and the high-frequency
peak described by the second term in the curly brackets
of Eq. (16). Note that for ǫ < 1 the height of the zero-
frequency peak is enhanced as compared with that for
electrons, see inset in Fig. 1(b). In the limit of strong
anisotropy ǫ ≪ 1 it is three times higher than in the
isotropic case, since, for ǫ→ 0, the effective nuclear field
is always directed along z axis. The high-frequency peak
shifts towards the zero frequency with decreasing ǫ and
eventually merges with the zero-frequency peak. Note,
that while comparing quantitatively with experiments
one has to allow for the hole spin relaxation anisotropy
and introduce the longitudinal and transverse relaxation
times.
B. Spin fluctuations in the external magnetic field
In the presence of an external magnetic field the elec-
tron (hole) spin precession frequency Ω has, according to
Eq. (6), two contributions due to (i) interaction with nu-
clei ΩN and (ii) interaction with an external field, ΩB.
Making use of Eq. (13) we recast the spectrum of the
spin z component fluctuations in the following form [cf.
(a)
(
(
(b)
FIG. 2: (a) Spin noise spectrum for electrons in the transverse
magnetic field (solid) for δeτs = 100. Ratio between ΩB and
δe is indicated at each curve. Red dotted curve shows electron
spin noise spectrum at B = 0 [c.f. red curve in Fig. 1(a)],
dashed green and blue curves demonstrate spin noise spectra
calculated with a 10% spread of electron g-factor. (b) Zero-
frequency peak amplitude (normalized to its value at B = 0,
ǫ = 1) calculated as a function of the magnetic field for p-
type quantum dot ensemble. Different curves correspond to
different values of the anisotropy parameter ǫ (marked at each
curve).
Eq. (16)]
(δs2z)ω =
τs
2
∫
dΩN F(ΩN )× (17){
sin2 θ
1 + (ω2 +Ω2)τ2s
[1 + (ω − Ω)2τ2s ][1 + (ω +Ω)2τ2s ]
+
cos2 θ
1 + ω2τ2s
}
.
where θ is the angle between the vector Ω = ΩN +ΩB
and z axis and Ω = |ΩB+ΩN |. In the absence of the nu-
clear spin fluctuations Eq. (17) reduces (up to a common
factor) to Eq. (5) of Ref. 35.
Figure 2(a) shows the electron spin noise spectrum in
the transverse magnetic field ΩB ⊥ z. Such a case corre-
sponds to the most widespread experimental configura-
tion of the spin noise measurements.1 Calculation shows
that the noise peak at ω 6= 0 shifts proportionally to
ΩB for sufficiently high magnetic fields (ΩB ≫ δe) and
its height slightly increases with an increase of magnetic
field. In such a case, the spin fluctuation dispersion is
5controlled only by the parallel to ΩB component of the
nuclear spin fluctuations and, at δeτs ≫ 1, the spin noise
spectrum can be reduced to
(δs2z)ω =
π
8
∞∫
0
F
[√
Ω2N + (ω − ΩB)2
]
ΩNdΩN
Ω2N + (ω − ΩB)2
. (18)
With the further increase in magnetic field, the spin noise
spectrum is additionally affected by the inhomogeneous
broadening of electron g-factor values similarly to the
spin dephasing of the localized carriers.13 This effect is
illustrated by the dashed curves in Fig. 2(a) where a 10%
spread of electron g-factor values was additionally consid-
ered. The g-factor dispersion is modeled by the Gaussian
distribution, see Ref. 36 for details. The spin noise spec-
tra of quantum dots with resident holes have a similar
shape.
The transverse magnetic field affects also the zero-
frequency peak. Figure 2(b) demonstrates the magnitude
of the zero-frequency peak as a function of magnetic field
calculated for the case of the positively charged quantum
dot ensemble. Different curves correspond to different
values of anisotropy parameter ǫ. Figure shows that the
magnetic field suppresses the zero-frequency peak, be-
cause the higher the field, the smaller the probability to
find the quantum dot with Ω = ΩN +ΩB ‖ z. In other
words, the average value of cos2 θ in Eq. (17) decreases
with an increase in the transverse magnetic field.
(
(
FIG. 3: Spin noise spectrum for electrons in the magnetic
field B applied at the angle θB = 0 (red solid), π/4 (magenta
dotted) and π/2 (blue dashed) to the (xy) plane. Electron
g-factor is assumed to be isotropic, ΩB/δe = 5, δeτs = 100.
The situation is different if the applied magnetic field
acquires a longitudinal (parallel to z-axis) component.
The spin noise spectra are presented in Fig. 3. It is
clearly seen that the peak corresponding to the non-
zero frequency becomes suppressed with the increasing
of the tilt angle of magnetic field with respect to the
quantum dot plane, while the zero-frequency peak be-
comes higher. Indeed, the considerable z component
of the external magnetic field leads to the diminishing
of the transversal nuclear field role resulting in an en-
hancement of the zero-frequency peak, in agreement with
experiment.7 It is worth to mention that the total spin
fluctuation
∑
α(δs
2
α)ω is independent of θB.
IV. MANIFESTATIONS OF THE SPIN NOISE
IN FARADAY, KERR AND ELLIPTICITY
EFFECTS
Here we analyze the fluctuations of the spin Faraday,
Kerr and ellipticity effects detected by the cw linearly
polarized probe beam propagating along the growth axis
of the quantum dot ensemble. We assume that the probe
frequency ωpr is close to the singlet trion resonance in the
quantum dot and consider, as an example, an ensemble
of n-type singly charged quantum dots.
If all dots in the ensemble are identical, i.e., have the
same trion resonance frequency ω0 and the same electron
spin fluctuation property, the Faraday (ϑF ) and elliptic-
ity (ϑE ) angles read
ϑE(t) + iϑF (t) =
δsj,z(t)
S
3π
4q2
G0(ω0 − ωpr), (19)
where S is the sample area, δsj,z is the spin fluctuation
in jth dot, q =
√
εbω0/c is the wavevector of the electro-
magnetic wave in the sample (the background dielectric
constant of both the quantum dots and the matrix are
assumed to be the same and equal to εb), and the func-
tion
G0(Λ) = iΓ0/(Λ + iΓ0) (20)
describes the spin signal sensitivity at the continuous
wave probing, Γ0 is the trion radiative decay rate, any
non-radiative losses are neglected. Equation (19) directly
follows from the definition of the spin Faraday and ellip-
ticity signals for the quantum dot ensembles, see Refs. 14,
37 for details. The Kerr rotation angle measured in the
reflection geometry is determined by the phase acquired
by the probe pulse in the cap layer of the structure,
it is proportional to a certain linear combination of ϑE
and ϑF .
37
Temporal fluctuations and frequency dispersion of
Faraday, ellipticity and Kerr signals can be calculated by
means of Eq. (19). It is important to stress that electron
spins in different quantum dots of the ensemble are un-
correlated. As a result, the spectra of Faraday rotation
and ellipticity fluctuations for an ensemble of identical
dots read:
(ϑ2F )ω = (δs
2
z)ω
(
3π
4q2
)2 N2DQDM
S
(ω0 − ωpr)2Γ20
[(ω0 − ωpr)2 + Γ20]2
,
(ϑ2E )ω = (δs
2
z)ω
(
3π
4q2
)2 N2DQDM
S
Γ40
[(ω0 − ωpr)2 + Γ20]2
.
Here N2DQD is the two-dimensional quantum dot density in
the layer andM is the number of layers. These equations
6should be averaged over all possible resonance frequen-
cies ω0 and electron spin precession frequencies Ω in the
ensemble. To that end, we consider two important lim-
its: (a) electron spin precession frequencies and optical
transition frequencies are not correlated at all, and (b)
electron spin precession frequency is a certain function of
the optical transition energy. The case (a) can be real-
ized in relatively small external magnetic fields, where the
nuclear spin fluctuations determine the electron spin pre-
cession, and the case (b) may be important in rather high
magnetic fields where nuclear effects are negligible, in this
case the link between the spin precession frequency and
optical transition frequency results from the dependence
of electron g-factor on the band gap of the nanosystem.38
If (i) spread of the quantum dot resonance frequencies
is much broader than Γ0 (this condition holds for the self-
organized quantum dot ensembles studied in Ref. 6), and
(ii) the probe frequency is not too close to the edges of
the quantum dot distribution, then, in case (a), the fluc-
tuation spectra of the Faraday and ellipticity signals are
simply proportional to (s2z)ω and weakly depend on the
probe (optical) frequency. Under the above conditions
the magnitudes of the Faraday and ellipticity fluctuations
coincide.
In the limiting case (b), the nuclear fluctuations can be
disregarded and electron spin precession frequency Ω ≡
ΩB is well described by a linear function of the optical
transition frequency ω0:
13
ΩB(ω0) = Aω0 + C, (21)
where A and C are constants. Under condition ΩBτs ≫
1, the function ∆(x) in Eqs. (12) reduces to the Dirac
delta-function and fluctuation spectra of Faraday and el-
lipticity signals are proportional to
(ϑ2F )ω ∝
{
Im
[
G0
(
ω − C
A
− ωpr
)]}2
,
(ϑ2E)ω ∝
{
Re
[
G0
(
ω − C
A
− ωpr
)]}2
,
respectively. In this limit the spin noise spectrum is de-
termined by the probing sensitivity. Indeed, if spin relax-
ation processes and spread of spin precession frequencies
due to nuclear fields are neglected, then for each fluc-
tuation frequency ω there is just one “resonant” Larmor
frequency ΩB = ω and, due to the relation (21), the cor-
responding trion transition frequency ω0(ω) = (ω−C)/A.
The intensity of the Faraday rotation and ellipticity fluc-
tuations at the frequency ω is given in this limit simply
by the sensitivity of the corresponding spin signal at the
optical frequency ω0(ω). Interestingly, in this case the
fluctuations spectrum of the Faraday rotation angle be-
comes zero at the frequency Aωpr + C. The correlation
between electron g-factor and optical transition energy
gives rise also to the peculiar temporal behavior of the
Faraday rotation signal.39
(a)
(
(
(b)
(
(
FIG. 4: Faraday rotation (a) and ellipticity (b) fluctuation
spectra calculated for four different ratios δ/(AΓ0) = 0.1, 0.5,
1 and 5. The origin of frequencies is taken at the preces-
sion frequency ω(0) = Aωpr + C where the Faraday rotation
fluctuations vanish, see text for details.
To model the crossover between these two limits we
take a combined distribution of electron spin precession
and optical frequencies in the form
p(Ω, ω0) =
1√
πδe
exp
(
− (Ω−Aω0 − C)
2
δ2e
)
p0(ω0),
where the function p(ω0) describes the distribution of op-
tical resonance frequencies and is, hereafter, taken to be
flat within the frequency range of interest. The Faraday
rotation and ellipticity fluctuation spectra are shown in
Fig. 4, panels (a) and (b), respectively.
One can clearly see from Fig. 4 that, with an increase
of the spread of electron spin precession frequencies con-
trolled by the parameter δe/(AΓ0), the Faraday rotation
spectrum transforms from two-maxima shape with van-
ishing signal in the middle to the flat spectrum. At the
same time, the fluctuations spectrum of ellipticity signal
(ϑ2E)ω simply widens with an increase of δe/(AΓ0).
V. CONCLUSIONS
To conclude, we have developed a microscopic theory of
electron or hole spin fluctuations in semiconductor quan-
tum dot ensembles. The spin noise spectra are calculated
7with allowance for the hyperfine or dipole-dipole interac-
tion of the charge carrier spin with lattice nuclei, the
Zeeman effect of external magnetic field and inhomoge-
neous broadening of the electron g-factor. The spin noise
features related with the spin relaxation and spin deco-
herence caused by nuclei are identified.
The fluctuation spectra of spin-Faraday and ellipticity
effects have been analyzed as well. It is demonstrated
that their shape may be strongly affected by the corre-
lation between the optical transition frequency and the
electron spin precession frequency.
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Appendix A: Spin fluctuations in the framework of
the fluctuation-dissipation theorem
In the framework of the linear response theory22 the
electron spin fluctuations can be related with the general-
ized spin susceptibility µαβ describing the linear response
of electron spin to the generalized forces fα:
δsα,ω =
∑
β
µαβ(ω)fβ,ω . (A1)
In this second description of spin fluctuations equivalent
to the description provided by Eqs. (2), (3) and (8), the
force f(t) acts as a perturbation to the spin Hamilto-
nian22
Vˆ = −
∑
α
sˆαfα , (A2)
where sˆα are the electron spin operators, and can be re-
lated to the components of electron spin precession fre-
quency in a random magnetic field as Ω∼ = −f/~.
In the presence of the static magnetic field character-
ized by the spin precession frequency Ω, see Eq. (6), the
magnetic susceptibility µ(ω) can be found from the ki-
netic equation for the electron spin s = s¯ + δs, where
s¯ ≡s¯(Ω) is the equilibrium spin orientation in the static
field with the Larmor frequency Ω and δs is the non-
equilibrium spin polarization induced by the weak fluc-
tuating force f (|f | ≪ ~|Ω|):
∂s
∂t
+ [s× (Ω+Ω∼)] +Q{s} = 0, (A3)
where the collision integral of the form41
Q{s} = s− s¯ (Ω+Ω∼)
τs
(A4)
takes into account the spin relaxation to its equilibrium
value for the total field with the Larmor frequency Ω +
Ω∼. Assuming that the Zeeman splitting induced by the
external field ~Ω is much smaller than the temperature
of the system expressed in the units of energy, kBT , one
has
s¯(Ω) = − ~Ω
4kBT
, s¯(Ω+Ω∼) = −~Ω− f
4kBT
, (A5)
where kB is the Boltzmann constant. Hence, the fluctu-
ation δs satisfies the following linearized equation:
− iωδs+ δs×Ω+ δs
τs
=
1
4kBT
(
f
τs
−Ω× f
)
. (A6)
It can be solved by using Eqs. (5) and (9) yielding the
spin susceptibility in the form
µαβ =
1
4kBTτs
[
χαβ(ω)−
∑
µν
χαµ(ω)δµνβΩν
]
. (A7)
One can readily check that the spin noise spectral func-
tions of Eq. (8), in agreement with the general theory,22
are expressed via the susceptibility µαβ(ω) as [cf. Ref. 40]
(δsαδsβ)ω =
ikBT
ω
[
µ∗βα(ω)− µαβ(ω)
]
. (A8)
This equivalence can be proved by applying the following
identity relating bilinear and linear components of the
tensor χ:
∑
γ
χαγ(ω)χ
∗
βγ(ω) =
i
2ω
{
χ∗βα(ω)− χαβ(ω) (A9)
+
∑
µν
[χαµ(ω)δµνβ − χ∗βµ(ω)δµνα]Ων
}
.
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